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T, V I I ,  iJo. 4 (87) 281- 6, 1959. I " 6 -  35'777 
S U M M A R Y  
I 
The r e s u l t s  are expounded of the appl icat ion of Myachin's estimates 
of e r r o r s  in numerical i n t eg ra t ion  of the equation of motion i n  the case 
of a problem of 2 bodies, Several  numerical examples a r e  given. 
* * *  
I n  connection with the rapid development of computing techniques 
the numerical in tegra t ion  methods have become the  most e f fec t ive  when 
undertakinE t h e  solution of the problem of 
t h e i r  vo lme of calculat ion as "Coordinates of the Five Outer Planets 
1653 - 2060f?, 1* Coordinates of Four Minor Planets  1940 - 1960" and others, 
bodies. Such colossal works by 
were completed by numerical in tegra t ion  methods. However, the  merit of nu- 
merical methods is subs t an t i a l ly  diminished on account Of e r r o r  accumulation 
a t  in tegra t ion ,  
(rounding-off e r ro r s ) ,  because of unaccounted differences i n  t h e  in tegra t ion  
formulas, and also on account of t h e  inaccurate value of initial data.  
I 
The e r ro r  occurs on account of l b i t e d  precis ion i n  the computer 
The e r r o r s  due t o  unaccounted differences may be reduced t o  a minimum 
by proper se l ec t ion  of i n t e r v a l  and the  number of terms in the  in tegra t ion  
foraula .  The accounting of e r r o r s  i n  the i n i t i a l  data o f f e r s  l i t t l e  d i f f i cu l ty ,  
for i f  the i n i t i a l  da ta  are  computed with a precision, with which the compu- 
t a t i o n s  a r e  performed, they may be considered as rounding-off e r r o r s  i n  the 
first in t eg ra t ion  step.  
I 







In m o s t  of caees i t  is important t o  know the  dependence between 
the number of s tep6  and of vanishing columrne , so t h a t  the required pre- 
c i s ion  be aesured beforehand, or  the e r r o r  with which e i ther  quan t i t i e s  
a re  obtained w e l l  es tabl ished.  
With t h i s  i n  vier V. F.Myachin (1959) derived formulas f o r  the 
estimate of rounding off e r r o r  accumulation when iiitegratiq =*mericP'ly 
the  equations of moldon in the problem of two bodiee. 
I f  i n  these formulas we neglect the eccen t r i c i ty  5 ,  and denote 
by a'," t h e  t r u e  e r r o r  i n  the  k-th s t ep ,  we may w r i t e  them i n  the  form: 
I@]<&) ( k = ~ ,  2, 3. . . ;  i= l ,  2, 3), 
where & is the number of the s t ep ,  i is the number of t he  coordinate 
( x ,  3, e), 
s ~ , ~ ,  
t a t i o n s  P, Q, a ) ,  n i s  the da i ly  motion of the body, h is the in tegra t ion  
s t ep ,  % 5.6 the eccent r ic  anomaly ( i n  t h i s  case the  mean anomaly, s ince  
e re: 01, f is the  maximum rounding o f f  e r r o r  at  computations of t he  r ight-  
hand par t6  of equations i n  each step.  
4 . 3  are the planned coef f ic ien ts  ( i n  the generally accepted deno- 
Such is the form i n  which the  formulas are u t i l i z e d  by us f o r  the 
quan t i t a t ive  comparison of the e r ro r  h f ) ,  obtained a t  numerical in tegra t ion  
w i t h  a forecarrt cy). 
1. - L e t  UB perform the i n d i c a t e d  comparison on examples, especial ly  
computed t o  t h a t  e f f e c t  ( t h e  examples were computed w i t h  a i d  of the computer 
of  t he  BESM Academy of Scienoes of the USSR). The probleh resolved is t ha t  
of a plane unperturbed arotion wi th  d i f f e r e n t  initial da ta  ( o r b i t  elements). 
3. 
Exan@. I 
The value of the in tegra t ion  i n t e r v a l  and the elements are 60 
chosen t h a t  exactly one hundred s t e p s  a re  made over one convolution. 
Three examples are computed In all with ll00 s t e p s  in each of them; the  
i n i t i a l  conditions are determined by the following elements: 
Example I1 
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The in tegra t ion  w a s  performed by the Cowell quadrature method 
taking i n t o  accotmt the  fourth differences 
where 
f = - - h W s  x 
and is a vector with components X, I, 2. 
The r e s u l t s  of in tegra t ion  
XI, &, . - - 9  X k i  * 
were compared w i t h  the  quant i t iee  
f , ,  f p ,  .... f k c  .... 
e a r l i e r  computed by the  e l l i p t i c  notion formulas in the s i x t h  decimal 
Point the difference 
if& -;r, = & 
WBB taken f o r  the pure accumulation of rounding off e r r o m ,  inasmuch as 
the  influence of higher differences i n  the in t eg ra t ion  formula, i n  the 
given case f (6 ) ,  is taken i n t o  account with the maximum precision 
In the following we s h a l l  neglect these e r r o r s  too, for t h e i r  
influence i n  a l l  the considered works l i e s  beyond the limits of the preci- 
s i o n  with which the  computation8 are  performed. 
The quant i ty  0.5 loo9 was taken f o r  the rounding o f f  e r r o r  e 
t h a t  is, the precis ion with which were computed in each s tep .  
It may be noted t h a t  formulas (1 )  will be s ign i f i can t ly  simpli- 
TC. As t o  our c-8, formulae (1) rill be still fu r the r  s implif ied 
f i e d  i f  w e  conpnte the estimates f o r  the points 
O,?, TC, 
because the  problem resolved w a s  t ha t  of plane motion ( S ~ ~ = S ~ ~ = ~ ,  S , ~ = S ~ ~ = O )  
and the  in tegra t ion  began from the per ihel ion point (Eo= 0 ) ;  namely 
&-EE,, multiples of 
‘R 3 
y1< €p=- 6 
p \lN(’)(Ek) @==I, 2; k= 1, ‘2, 3 . . . j* 
(d 
N‘”(d!?k)=: N ‘ * ’ ( E & ) = 3 E ~ - t 3 8 E ~  at Ek=2mx, (m= 1,2.. .) 
13 
(2) N‘” (E&) = 3& + 14J!?k - 32, N‘” (E&) = 2 Ex - 8 at E& = (2” + f )  x,  
13 
IV(’)(&) = Et, N(”(Et) = 3,$ - io& at E& = (2m + 1) x ,  
N‘”(&) = 3Ei + la# + 32, N“) (Ek) = E& + 8 at E& = (2m+$) ?t, 13 
1 Beginning with k > 200, t h e  r a t i o  % become6 of the order / 
and t h a t  is why, neglecting the  f i r s t  power % by comparison w i t h  E>, 
and assuming Ea ==nhk, we ahall obtain 
/ 
100 
Note that E;) a m  obtained iden t i ca l  for all the three considered 
(3 examples. T h i s  is due t o  the f a c t  t h a t  the product @ j.6 the 6 ~ 1 0  
i n  all examples, and t h a t  the infkuence of eccen t r i c i ty  does not d i s t o r t  
the  r e s u l t  very much. A t  k > 200 the formula f o r  the estimate ‘(Myachin ) 
is wri t t en  i n  the form 
3 - 
k s  
Er=%‘lakI l - e e c o s ~ k *  
The computed Iac,”l and t h e  forecaet e r r o m  a!’ are compiled i n  
Table  1, We placed i n  the first column the mean anomaly f o r  all the three 
“planets“ ,  in the second - the respective number of in tegra t ion  s teps ;  
the  t r u e  e r ro r s  ip and ?if) or the exnmples I- I11 are in columns 3 - 8, 
while the  9th and the 1 0 t h  contain the  values of a;) and di), providing 
the error estimate i n  a l l  t h e  three examples. The values of 
expressed in units of the s i x t h  decimal s ign.  
8!), d:) are  
5. 
T A B L E  1 
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Comparing the 3rd, 5th and 7 t h  columna w i t h  the 9th.  or the  4th,  
6 th ,  8th with 10th. re s h a l l  be able t o  judge on the  qua l i ty  of the obtained 
estimate. Attention should be called t o  the f a c t  t h a t  the estimate re f lec ts  
the f luc tua t ing  character  of error a c c U a t i o n .  
2.0 From the  standpoint of e r r o r  accumulation i t  w a s  found to be 
i n t e r e s t i n g  t o  consider the coordinate of Uranus, Sat -wi ,  &@%e=, tbt&=ed 
by D . K O  Kulikov when in t eg ra t ing  V I 1 1  J u p i t e r  s a t e l l i t e  for  the period 
from 24 January 1930 t o  28 A u g u s t  1965. The in t eg ra t ion  w a s  performed on 
the  BESM comFuter with a 10-day s t e p  (a l toge ther  1300 s teps) .  The planetst  
coordinate6 vere obtained at simultaneous in tegra t ion  of a system of nine 
equations, t h e  i n i t i a l  coordinafes being borrowed from the Astronomical 
Papers of 19%. 
"Astronomical Papers", were computed with grea t  precis ion (a system of 
equations of motion were j o i n t l y  resolved f o r  5 outer  planets ,  t he  calcu- 
l a t i o n s  having been performed with 14 columne), they were accepted as a 
prec ise  so lu t ion  of ft,  , and the difference f r - %  uaa taken f o r  the 
t r u e  e r r o r  i n  the  estimated coordinates. The comparison w a s  made in the  
f i f t h  decimal point. The r e s u l t s  are compiled in Table 2. 
Inasmuch 88 the coordinates of the  planets,  published in 19% in 
For the estimate of t h i s  error by V.F.Myachin formulas it is neces- 
sary t o  e s t ab l i sh  the error w i t h  which the calculat ione a re  performed on 
one s t ep .  In the  given case, aeide from the rounding off  e r r o r  P@=o.5.1p), 
there rill be at computations of right-hand pa r t s  of the equations an e r r o r  
on account of disragarded perturbations of Neptune and Pluto. The ralues 
of perturbation6 reach 1 0 loo9, t h a t  is, they exceed the ca lcu la t ioo  error. 
Of the  three planets Uranus is the one sub jec t  t o  grea tes t  influence of 
per turbat ions,  for during t h e  invest igated t i m e  i n t e r v a l  Uranus has t h e  
t o  e f f e c t  only half  of a convolution, and t h e  aggregate perturbation from 
Neptune and Plu to  has a constant s ign  i n  t h e  course of a s ign i f i can t  time 
period while Sat- e f f e c t s  4.5 convolution and Jupiter - 3.5. The per- 
t u rba t ions  from Reptune and Fluto have a periodic character. For the esti- 
mate of e r r o r  on account of rounding of f  we s h a l l  make use of formal- (1) 
( t h e  results are shorn i n  columu6 4, 7 and 10 of Table 2). The6e fornil-  










225 213 -+ 2 3.3 7 
270 587 +14 2.5 60 
315 970 +31 5.2 188 
T A B L E  2 
- 1  4.1 8 - 1  2.0 
- 7  1.5 12 -3 1.0 























































































+ 3  
+ 9  
4-19 
+16 
+ 1  



















































- 1  
- 3  
- 3  





- 1  
- 6  





- 2  
-10 
-10 
- 6  
URANUS 
0 
- 1  
- 1  



































































































cannot be rrsed for the evaluation of error due t o  unaccounted perturbatione,  
f o r  the  l a t t e r  are subject  t o  the l a w  of random er ror6 ,  while in d e r i r i n g  
(1) the probable l a w  of random e r r o r  d i s t r ibu t ion  was utfl i l ;ed.  The only  
acceptable fornnila in t h i s  case rpay be the following (Myachin, 1959) : 
where we took f o r  f the  e r r o r  on one s t e p  on account of disregarded per- 
turbat ions,  and d;)' has t h e  same value m in (1). 
t i o n  from Neptune and Pluto for a l l  the three planets ,  t h a t  is, 1 10.9, 
which obviously gives a s t rong  overrating f o r  J u p i t e r  and Saturn (Table 2, 
columns 5 ,  8, 11). 
When computing by formulae (4) we took for p the &mum perturba- 
3.- W e  s h a l l  give one more example. We w i l l  attempt t o  estimate 
t h e  e r r o r  r e s u l t i n g  from round-off e r r o r s  in t h e  coordinates of major pla- 
net8 pnblished i n  the "Astronomical Paperd'of 19%. The estimate w i l l  be 
made according t o  the rough formula obtained from (1) at the following 
sesumptions: we neglect %2 and Ek by comparison with $t, and we assume 
6: equal t o  1. Then (1) w i l l  take the form 
3 
18; I < 3pkz. (5) 
I f  w e  take f o r  p 1 then, a f t e r  100 in tegra t ion  steps, 
which correspond i n  the given cme t o  mere than lOOyears, the e r r o r  in 
planet  coordinates rill be about 1 tha t  is, the published coordinates 
of major planets  a re  free from round-off errore. 
Therefore, the above-presented examples show t h a t  the formulas 
derived by V. F.Myachin f o r  the estimate of round-off errors are quite valid 
f o r  p r a c t i c a l  u t i l i z a t i o n .  
The estimate (1) r e f l e c t s  the f luc tua t ing  character  of the e r r o r  
and give6 a comparatively small overrating (as a rule, l e s s  than 1 0  times). 
It is then revealed t h a t  a f t e r  1000 Integrat ion s t eps  no more than 5 columns 
a re  lost in the quant i ty  searched for on account of round-of errore .  
As t o  the e r r o r  caused by unaccounted perturbation8 (Table 21, t h e  
86timate (4) u t i l i s e d  f o r  them should be considered as unsat isfactory,  
inasmuch as i t  does not take into account the sign-changing character  of 
9 .  
perturbat ions . This estimate gives a p r a c t i c a l l y  acceptable resul t  only 
in the  case when the perturbation8 
i n t e r v a l  or over its g rea t e r  portion, valuea of constant s ign.  
indicate,  over t he  e n t i r e  i n t eg ra t ion  
*** T H E  E N D  *** 
Manuscript received on 
28 June 1958. 
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